Abstract. A handlebody-link is a disjoint union of embeddings of handlebodies in S 3 and an HL-homotopy is an equivalence relation on handlebody-links generated by self-crossing changes. The second author and Ryo Nikkuni classified the set of HLhomotopy classes of 2-component handlebody-links completely using the linking numbers for handlebody-links. In this paper, we construct a family of invariants for HL-homotopy classes of general handlebody-links, by using Milnor's µ-invariants. Moreover, we give a bijection between the set of HL-homotopy classes of almost trivial handlebody-links and tensor product space modulo some general linear actions, especially for 3-or more component handlebody-links. Through this bijection we construct comparable invariants of HL-homotopy classes.
introduction
A link is an embedding of some circles into the 3-sphere S 3 . A spatial graph is a topological embedding of a graph in S 3 . If all components of a spatial graph are homeomorphic to circles, the spatial graph is regarded as a link. Two spatial graphs are equivalent if there is an ambient isotopy which transform one to the other.
A handlebody-link [11, 28] is a disjoint union of embeddings of handlebodies in S transforms one to the other. A handlebody-link can be represented by a spatial graph.
A spatial graph G is said to represent a handlebody-link H if the regular neighborhood of G is ambient isotopic to H. There are infinitely many spatial graphs which represent the same handlebody-link. It is known that two spatial graphs which represent the same handlebody-link are transformed to each other by a sequence of contraction moves in Figure 2 , which is to contract an edge connecting two different vertices and its inverse (See [11] for details). A handlebody-link is trivial if it is represented by a plane graph.
↔ Figure 2. Contraction move.
A self-crossing change of a link (resp. a spatial graph) is a crossing change of two arcs which belong to the same component of a link (resp. a spatial graph). J. Milnor defined a class of links called a link-homotopy [20] . Two links are link-homotopic if they are transformed to each other by self-crossing changes and ambient isotopies. The notion of link-homotopy was generalized for spatial graphs. An edge-homotopy (resp. a vertex homotopy, a component homotopy) is an equivalence relation generated by ambient isotopies and crossing changes of two arcs which belong to the same edge (resp. adjacent edges, the same component). We generalize the notion of link-homotopy to handleboodylinks. Definition 1.1 (HL-homotopy). Let H 0 be n handlebodies and H i (i = 1, 2) two ncomponent handlebody-links obtained by embeddings f i 's of H 0 to S 3 . Two handlebodylinks H 1 and H 2 are called HL-homotopic if there is homotopy h t from f 1 to f 2 where the components of h t (H 0 ) are mutually disjoint at any 0 ≤ t ≤ 1. Remark 1.2. In [23] , the notation of neighborhood homotopy of spatial graphs was introduced. Two spatial graphs G and G are neighborhood homotopic if they are transformed to each other by a sequence of ambient isotopies, contraction moves and selfcrossing changes. Let H 1 and H 2 be two handlebody-links and let G 1 and G 2 be spatial graph presentations of H 1 and H 2 respectively. The handlebody-links H 1 and H 2 are HL-homotopic if and only if G 1 and G 2 are neighborhood homotopic.
J. Milnor classified the link-homotopy classes of 2-component links by linking numbers [20] . Moreover, he defined a family of invariants for an ordered oriented link in S 3 as a generalization of the linking numbers, in [20, 21] . These invariants are called Milnor's µ-invariants. For an ordered oriented n-component link L, Milnor's µ-invariant is specified by a sequence I of indices in {1, 2, . . . , n} and denoted by µ L (I). If the sequence is with distinct indices, then this invariant is also link-homotopy invariant and called Milnor's link-homotopy invariant. He also classified the link-homotopy classes of 3-component links by the link-homotopy invariants µ L (I) with |I| = 3, where |I| is the length of I. The link-homotopy classes of 4-component links were classified by [15] . In general, there is an algorithm which determines whether two link are link-homotopic or not [6] .
For handlebody-links, by generalizing invariants of links or spatial graphs, some invariants are defined; for example, quandle invariants [12] . The second author defined linking numbers for 2-component handlebody-links by generalizing the linking number of links. Definition 1.3 (Linking numbers [22] In [23] , the HL-homotopy classes of 2-component handlebody-links are classified completely by the linking numbers for handlebody-links.
In this paper, handlebody-links whose components are more than two are considered. Using Milnor's link-homotopy invariants, we make a map from the set of handlebodylinks to a tensor product space of Z-modules up to some actions. By using this, we give a necessary and sufficient condition of that a handlebody-link is HL-homotopic to the trivial one. When handlebody-links are almost trivial, the map give a bijection between HL-homotopy classes of handlebody-links and some tensor product space up to some actions. Through the map we construct comparable invariants of HL-homotopy classes.
This paper is organized as follows. In section 2, we introduce a bouquet graph presentation of handlebody-links. Section 3 and 4 review Milnor's µ-invariants and hypermatrices respectively. In section 5, we state the main theorem. We construct a family of HL-homotopy invariants for general handlebody-links by using Milnor's link-homotopy invariant. We then construct a bijection between the HL-homotopy classes of almost trivial handlebody-links and tensor product spaces up to some modulo. Moreover, we define some comparable invariants for HL-homotopy classes of almost trivial handlebody-links. Section 6 shows the proof of the main theorem by using the clusper theory. In Appendix A, we review a proof of Theorem 2.1 in Section 2.
obtained from a spatial graph presentation G of the handlebody-link by contracting a spanning tree of each component of G to a point. The following fact is known.
Theorem 2.1 ( [16] ). Two bouquet graph presentations which represent the same handlebodylink are transformed to each other by a sequence of edge-slides in Figure 3 , which slides an end point of an loop edge along another edge from the vertex to the vertex.
Proof. See Appendix A. Figure 3 . Edge-sliding move. Proposition 2.2. Let H and H be handlebody-links and let Γ and Γ be bouquet graph presentations of H and H respectively. Then H and H are HL-homotopic if and only if Γ and Γ are transformed to each other by a sequence of ambient isotopies, edge-slides and self-crossing changes.
↔
Proof. The "if" part is obvious. We prove the "only if" part. Since H and H are HLhomotopic, there is a sequence of spatial graphs G 1 , . . . , G n , where G 1 and G n represent H and H respectively and G i+1 is obtained from G i by a contraction move or a self-crossing change. Let H i be a handlebody-link which is represented by G i . We have a sequence Γ 1 , . . . , Γ n of bouquet graph presentations of H 1 , . . . , H n from G 1 , . . . , G n as follows. Fix a spanning tree T i of G i and fix a vertex v i of T i . Let N (T i ) be the regular neighborhood of
Suppose that, for some i, G i+1 is obtained from G i by a self-crossing change of two edges e 1 and e 2 . Let T i+1 be a spanning tree of G i+1 obtained from T i by the self-crossing change. By contracting T i+1 as above, we have a bouquet graph presentation Γ i+1 of H i+1 . Then Γ i+1 is obtained from Γ i by some self-crossing changes corresponding to the self-crossing change of e 1 and e 2 . From Theorem 2.1, since both Γ i+1 and Γ i+1 represent H i+1 , Γ i+1 is obtained from Γ i+1 by using edge-slides.
If G i+1 is obtained from G i by a contraction move, Γ i and Γ i+1 represents the same handlebody-link therefore Γ i+1 is obtained from Γ i by using edge-slides. Then Γ n is obtained from Γ 1 by using edge-slides and self-crossing changes. Similarly, Γ 1 (resp. Γ ) is obtained from Γ (resp. Γ n ) by edge-slides. This completes the proof.
We note that for a bouquet graph presentation Γ of a handlebody-link H, by giving arbitrary orientation to each loop edge of Γ, the loop edges of Γ represent a basis of the first homology group H 1 (H; Z) of H.
Milnor's Invariant
We introduce the definition of Milnor's link-homotopy invariants, and to give invariants for handlebody-link in Section 5, we show that these are additive under a bund sum for components.
Given a finitely generated group G, the reduced group G is defined to the quotient of G by its normal subgroup generated by [g, hgh Let Z[[X 1 , . . . , X n−1 ]] be the non-commutative formal power series ring generated by X 1 , . . . , X n−1 . Denote byẐ its quotient ring by the two-side ideal generated by all monomials in which at least one of the generators appear at least twice. The Magnus expansion ϕ is a homomorphism from the free group F (m 1 , . . . , m n−1 ) generated by m 1 , . . . , m n−1 into Z[[X 1 , . . . , X n−1 ]], defined by sending m i to 1 + X i and m
. . , i r , n as the coefficient of the Magnus expansion of w n inẐ:
where the summation is over all sequences i 1 i 2 . . . i r with distinct indices between 1 and n − 1. Similarly, we define µ L (i 1 i 2 . . . i s ) for any distinct indices between 1 and n. We define µ L (i 1 i 2 . . . i r n) as the residue class of µ L (i 1 i 2 . . . i r n) modulo the indeterminacy ∆ L (i 1 i 2 . . . i r n) which is the greatest common divisor of µ L (j 1 j 2 . . . j s )'s, where j 1 j 2 . . . j s ranges over all sequences obtained by deleting at least one of the indices i 1 , i 2 , . . . , i r , n and permuting the remaining ones cyclicly. Moreover we define ∆ L (i 1 n) = 0. 
is multiplied by −1 or +1 according as the sequence i 1 i 2 . . . i m contains k once or not.
3.2.
Additivity property of Milnor's link-homotopy invariant. The following lemma is used for Section 5, which is showed by using the definition of Milnor's link-homotopy invariants.
Let I be a sequence with distinct indices in {1, 2, . . . , n}. If I contains the index n,
where K b K is a band sum of K and K with respect to any band, and
Remark 3.4. By a property of theμ-invariant, we can obtain the same result for a band sum of the i-th component instead of the n-th component.
Proof. Assume the last index of I is n. Choosing words w n , w n in F (m 1 , . . . , m n−1 ) representing K, K in π 1 (S 3 \ L) appropriately, we may assume w n · w n is a word representing K b K . By the definition of indeterminacy ∆, we have that
where the summation is over all sequences I 1 , I 2 such that the sequence I 1 I 2 n is equal to I (it is possible that either I 1 or I 2 is empty). By Lemma 3.2 (1), we have that for any sequence I which contains the index n,
It remains to prove that for any sequence I with distinct indices in {1, 2, . . . , n},
The proof is by induction on the length m of sequence I. For the case m = 2, ∆ L∪K (I), ∆ L∪K (I) and ∆ L∪(K b K ) (I) are all zero, by the definition of ∆. Assume the formula (1) holds for m − 1, we will prove it for m. Let the length of I be m and J be a subsequence of I whose length is m − 1. If J does not contain the index n,
If J contains the index n, by the assumption of induction,
, and the formula (1) holds for m.
Remark 3.5. In [14] , V. S. Krushkal showed Milnor's µ-invariants are additive under connected sum for links which are separated by a 2-sphere.
HyperMatrix
We introduce a hypermatrix and define its three transformations. We can identify a hypermatrix with a tensor.
Hypermatrix and transformations.
A hypermatrix is a generalization of a matrix to higher dimensions, i.e. numbers arranged in hyperrectangle form. A hypermatrix is defined rigorously as follows. For 
where j, k and l index the row, column and slice, respectively.
Applying GL(m i , Z) action to the i-th coordinate, we have the following three trans-
e. coefficients are integers), these transformations coincide with the elementary transformations.
, a tensor can be identified with a hypermatrix.
Main Theorem
We give a map from handlebody-links to a tensor product space by using Milnor's µ-invariant. This map induces a necessary and sufficient condition of that a handlebodylink is HL-homotopic to the trivial one, and a bijection from HL-homotopy classes of almost trivial handlebody-links to a union of direct sums of the tensor product spaces modulo some action. Through the bijection, we define some comparable invariants for HL-homotopy classes of handlebody-links. 
where
∪···∪e n kn (J) for all k 1 , . . . , k n and J obtained from I by deleting at least one index and permuting the remaining ones cyclically, and e i k i is a fixed basis of (Z ∆ I ) g i as Z ∆ I -module. Since Milnor's µ-invariants are link-homotopy invariants, t H,B (I) is invariant under an HL-homotopy preserving B. We consider a general linear group action to tensors. For any t in a
where a k 1 ...kn ∈ Z ∆ I . We define an action ρ of GL(
gn as follows. For any A i in GL(g i , Z),
We consider the residue class of t H,B (I) by the action ρ for (
gn and denote it by t H (I). In fact it is independent of B as follows. Proof. The proof is by induction on the length m of a sequence I. We will show that for any sequence I = i 1 i 2 . . . i m , the following two statements hold.
(A) ∆ I is independent of the choice of a basis B of the first homology group H 1 (H, Z).
∪···∪ ∪···∪e i h ∪···∪e n kn (J) can be divided by ∆ I . Therefore ∆ I = ∆ I and the statement (A) holds for I. We then obtain the formulas (B-1) and (B-2) for I, by Lemma 3.2 (2) and 3.3, respectively.
We denote the original basis by B and the new one by B , which is obtained by an elementary change (i), (ii) or (iii) of B. By the statements (B-1) and (B-2), we obtain that (E, . . . , A i , . . . , E) · t H,B (I) = t H,B (I), where E is the identity matrix and A i is an elementary matrix which is obtained from the identity matrix by the swapping row l and row h for (i), by changing 1 in the l-th position to −1 for (ii) and by adding 1 in the (l, h) position for (iii), respectively. It is obvious that t H (I) is HL-homotopy invariant and the proof is complete. 
Example 5.5. Let H be a handlebody-link as illustrated in Figure 4 . Let I = 123. Then, ∆ I = 2 and Remark 5.6. T. Fleming defined a numerical invariant λ Φ (H) of a pair of a spatial graph Φ and its subgraph H under component homotopy in [3] . Now, we define Φ as a handlebody-link instead of a spatial graph and H as its component instead of a subgraph. We then can naturally extend this invariant to a pair of a handlebody-link and its component under HL-homotopy. Then, the value of λ Φ (H) is the length of first non-vanishing for t Φ (I) such that I contains the component number of H.
Almost trivial case.
An n-component handlebody-link H is called almost trivial if its any (n−1)-component subhandlebody-link is HL-homotopic to the trivial handlebodylink. From Corollary 5.3, it is hold that H is almost trivial if and only if t H (I) = 0 for any I whose length is less than n. We give a bijection between the set of HL-homotopy classes of almost trivial handlebody-links and a union of direct sum of tensor product spaces modulo the action ρ. Let W n be the set of HL-homotopy classes of n-component almost trivial handlebodylinks.
Let X m 1 ,...,mn be (Z m 1 ⊗ · · · ⊗ Z mn ) ⊕(n−2)! modulo the diagonal action of ρ in Subsection 5.1, which acts ρ to every (n − 2)! tensor product spaces Z m 1 ⊗ · · · ⊗ Z mn at the same time. Then we put
There is a bijection between W n and X n . We consider the lexicographic order on permutations of {2, 3, . . . , n − 1}.
Theorem 5.7. Let σ p (1 ≤ p ≤ (n − 2)!) be the p-th permutation of {2, 3, . . . , n − 1} and put I p = 1σ p (2) . . . σ p (n − 1)n. The following map is well-defined and bijective:
Note that, let W g 1 ,...,gn ⊂ W n be the set of HL-homotopy classes of n-component almost trivial handlebody-links whose genera are g 1 , . . . , g n , then the restriction of ϕ to W g 1 ,...,gn is a bijection ϕ| W g 1 ,...,gn : W g 1 ,...,gn → X g 1 ,...,gn .
Proof. See Section 6.
HL-homotopy invariant for handlebody-link. From Remark 4.1, t H,B (I) corresponds to a hypermatix M H,B (I) = (µ e
. . , g n ; Z δ ). Then we can describe Theorem 5.7 by using hypermatrices. Let HM n be the set of (n − 2)!-tuples of n-hypermatrices (M 1 , . . . , M (n−2)! ) whose entries are in Z, where every M i 's are the same size, modulo the elementary transformations which are applied at the same time for every M i . When n = 3, HM 3 is the set of 3-hypermatrices up to the elementary transformations. Then, there is a bijection between W n and HM n :
The tensor rank of a hypermatrix A is defined to be the minimum number of r and denoted by rank t (A). A hypermatrix has tensor rank zero if and only if it is zero.
The k-th flattening map on M (m 1 , . . . , m d ) is the map f k from a hypermatrix to a usual matrix as follows. The map
where s k (i, j) is the j-th element in lexicographic order in the subset of m 1 × · · · × m d consisting of elements such that the k-th coordinate is the index i, and a caret means that the respective entry is omitted. For example, given The combinatorial hyperdeterminant of a cubical
where S m is a permutation group. It is known that for an odd dimension d (> 1), the combinatorial hyperdeterminant of a cubical d-hypermatrix is identically zero. We give a corollary for Theorem 5.7 by using invariants of hypermatrices under the transformations (TI), (TII) and (TIII) in Section 4. 
and the first slices of them are not integer multiples of the second slices respectively. Thus rank t (H 3 ) = rank t (H 4 ) = 2.
On the other hands, the elementary divisors of them are
Thus ed(M H 3 (I)) = ed(M H 4 (I)), and H 3 is not HL-homotopic to H 4 . Figure 6 . Handlebody-links H 3 and H 4 .
Remark 5.11. Similar way to Corollary 5.8, we can give comparable invariants for t H (I) of general handlebody-link H by using the tensor rank.
Proofs of Corollary 5.3 and Theorem 5.7
In this section, we prove Corollary 5.3 and Theorem 5.7. We use the clasper theory.
6.1. Review of clasper theory. The clasper theory was introduced by K. Habiro [8] .
We define a tree clasper and introduce a part of its properties. For general definitions and properties, we refer the reader to [8] .
A disk T embedded in S 3 is called a tree clasper for a (string) link L if it satisfies the following two conditions:
(1) The embedded disk T is decomposed into bands and disks, where each band connects two distinct disks and each disk attaches either 1 or 3 bands. We call a band an edge and a disk attached 1 band a leaf. (2) The embedded disk T intersects the (string) link L transversely so that the intersections are contained in the interiors of the leaves. We call a tree clasper T with k + 1 leaves a C k -tree. A C k -tree is simple if each leaf intersects L at exactly one point.
Given a C k -tree T for a (string) link L, there exists a procedure to construct a framed link in a regular neighborhood of T . We call surgery along the framed link surgery along T . Because there is an orientation-preserving homeomorphism which fixes the boundary, from the regular neighborhood N (T ) of T to the manifold obtained from N (T ) by surgery along T , we can regard the surgery along T as a local move on L. We denote by L T the (string) link obtained from L by surgery along T . For example, surgery along a C k -tree is a local move as showed in Figure 7 . Similarly, let T 1 ∪ · · · ∪ T m be a disjoint union of tree claspers for L, then we define L T 1 ∪···∪Tm as the (string) link obtained by surgery along
The C k -equivalence is an equivalence relation on (string) links generated by surgeries along C k -trees and ambient isotopy. By the definition of a C k -tree, it is easy to see that surgery − −−− → Figure 7 . C k -tree and local move. a C k -equivalence implies a C k−1 -equivalence. The set of C k -equivalence classes of string links forms a group under the composition. It is known that a C 1 -tree corresponds to the crossing change, a C 2 -tree corresponds to the delta move in [17, 25] and a C 3 -tree corresponds to the clasp-pass move in [7] .
Let π be a bijection of {1, 2, . . . , n} such that π(1) = 1 and π(n) = n, and let Π be the set of such bijections. Consider an element of Π as a sequence. For any π ∈ Π, let T π and T −1 π be simple C n−1 -trees as illustrated in Figure 8 , which are the images of homeomorphisms from the neighborhoods of T π and T are not unique up to ambient isotopy, it is unique up to C n -equivalence, by Lemmas 6.3 and 6.5 below. Therefore for any π ∈ Π, we may choose (1 n ) Tπ and (1 n ) T −1 π uniquely up to C n -equivalence. We then have the following lemma by [20] (cf. Figure 7) . Here, µ-invariants are link-homotopy invariants for string links (see [6] ). For any string link L, µ L (I) coincides withμL(I) modulo ∆L(I), whereL is a link obtained by the closure of L.
Lemma 6.1. For any π, π ∈ Π,
and the Milnor's µ-invariants of (1 n ) Tπ of length less than or equal to n − 1 vanish. 
Lemma 6.3 ([8]
). Let T 1 be a simple C k -tree for a (string) link L, and T 1 be obtained from T 1 by changing a crossing between an edge of T 1 and an edge of another simple tree T 2 for L (resp. a component of L or an edge of T 1 ) (see Figure 9 ). Then,
, where C k+1 -equivalence is realized by simple C k+1 -trees for L. Figure 9 . Edge crossing change.
Lemma 6.4 ([8])
. Let T 1 be a simple C k 1 -tree for a (string) link L and T 2 a simple C k 2 -tree for L, where T 1 and T 2 are disjoint. Let T 1 be obtained from T 1 by sliding a leaf of T 1 over a leaf of T 2 (see Figure 10 ). Then, 
Lemma 6.5 ([8])
. Let T be a simple C k -tree for the trivial n-component string link 1 n and T a simple C k -tree obtained from T by adding a half-twist on an edge. Then, (1 n ) T ·(1 n ) T is C k+1 -equivalent to 1 n , where C k+1 -equivalence is realized by simple C k+1 -trees for L.
Lemma 6.6 ([8])
. Let T I , T H and T X be simple C k -trees for the trivial n-component string link 1 n which differ only in a small ball as in illustrated in Figure 11 . Here, ⊕ means a positive half-twist. Then
where C k+1 -equivalence is realized by simple C k+1 -trees for 1 n .
Lemma 6.7 ([18]
). Let T be a C k -tree for a (string) link L. Let f 1 and f 2 be two disks obtained by splitting a leaf f of T along an arc a as illustrated in figure 12 (i.e. f = f 1 ∪f 2 and
where T i denotes a C k -tree for L obtained from a parallel copy of T by replacing f by f i (i = 1, 2). Figure 11 . IHX move. Figure 12 . Separating of leaf.
Lemma 6.8 ([4]).
A tree clasper whose at least 2 leaves attach the same component of a (string) link vanishes up to link-homotopy. In particular, a C n -tree for an n-component (string) link vanishes up to link-homotopy.
6.2.
Proof of Corollary 5.3 and Theorem 5.7. We prepare a lemma.
Lemma 6.9. Let Γ 0 = γ 1 ∪ · · · ∪ γ n be an oriented plane graph whose components are n bouquet graphs where γ i has g i loop edges. Let Γ = η 1 ∪ · · · ∪ η n be an oriented spacial graph whose component η i is an embedded oriented bouquet graph with g i loop edges. If any (n − 1)-component subgraph of Γ is component homotopic to the plane graph, then Γ is equivalent to Γ 0 up to C n−1 -equivalence and component homotopy.
Proof. Let e i j be the j-th edge of η i (1 ≤ j ≤ g i ). By the assumption of Γ, for any I with length less than n, µ e 1 k 1 ∪···∪e n kn (I) = 0 for any k 1 , . . . , k n . There exists a disjoint union T 1 of C 1 -trees for Γ 0 such that Γ is ambient isotopic to (Γ 0 ) T 1 , because a C 1 -tree corresponds to a crossing change. From the above vanishing condition of Γ, we can transform these trees of T 1 by using Lemma 6.3, 6.4 and 6.6 so that all C 1 -trees with attaching two different components vanish by Lemma 6.5. Therefore, by Lemma 6.8, we obtain a disjoint union T 2 of C i -trees (i ≥ 2) up to component homotopy and (Γ 0 ) T 1 is component homotopic to (Γ 0 ) T 2 . Similarly, by the above vanishing condition and Lemma 6.3, 6.4, 6.5, 6.6 and 6.8, we can construct a sequence T 3 , T 4 , . . . , T n−1 of disjoint unions of tree claspers so that each tree of T i is a C k -tree (k ≥ i) and (Γ 0 ) T 1 is component homotopic to (Γ 0 ) T i . Therefore Γ is equivalent to Γ 0 up to component homotopy and C n−1 -equivalence.
We prove Corollary 5.3. ∪···∪e n kn (I) = 0 for any I and k 1 , . . . , k n . For a fixed basis B, we give an oriented bouquet presentation Γ with respect to B. Let Γ 0 be a plane graph which is a union of n oriented bouquet graphs. Similar way to Lemma 6.9, we have a disjoint union T n of C k -trees (k ≥ n) and Γ is component homotopic to (Γ 0 ) Tn . Since (Γ 0 ) Tn is component homotopic Γ 0 , Γ is component homotopic to Γ 0 . By Proposition 2.2, H is HL-homotopic to the trivial handlebody-link.
To prove Theorem 5.7, we use (n − 2)! kinds of simple C n−1 -trees for spacial graphs whose shapes are as in Figure 13 left, where σ p is the positive braid corresponding to the permutation σ p such that every pair of strings crosses at most one. We call the simple n−1 -tree as in Figure 13 right. We also abbreviate parallel C (p) n−1 -trees as in Figure 14 , where a bottom lines is an edges of the n-th component, ⊕ means a half-twist of an edge and we consider the edge orientations of graphs.
From the lemmas in Subsection 6.1, the local moves for C (p) n−1 -trees in Figure 15 hold up to a C n -equivalence, where p and q are integers and the horizontal line in (1) is an edge of a graph or a simple C n−1 -tree. The move (1) is to pass an edge trough an edge of a C (p) n−1 -tree. The move (2) is to exchange of leafs. The move (3) is to move a half twist from an edge to an adjacent edge. The move (4) is to cancel two half twists on the same edge. The move (5) is to cancel of non-twisted and half-twisted C (p) n−1 -trees in parallel. The move (6) is to erase a C (p) n−1 -tree whose two leaves are on the same component. In the move (7), by sliding a leaf of a C (p) n−1 -tree over a trivalent vertex, it changes to two copys of the C (p) n−1 -tree. Move (1) is derived from Lemma 6.3, (2) from Lemma 6.4, (3), (4) and (5) from Lemma 6.5, (6) from Lemma 6.8 and (7) from Lemma 6.7. We remark that the C graph whose components γ i are bouquet graphs with g i loop edges. Let Γ be an oriented bouquet graph presentation of H whose loop edges represent B. From Lemma 6.9, Γ 0 is equivalent to Γ up to C n−1 -equivalence and HL-homotopy, and Γ is HL-homotopic to a graph Γ obtained by attaching some simple C n−1 -trees to Γ 0 . We assume that the C n−1 -trees of Γ are all C (p) n−1 -trees. Using the moves (1)- (6) in Figure 15 we modify Γ to a canonical form Γ B satisfying that (a) Any C n−1 -trees which connect the same n edges are arranged parallel as in Figure 14 , where the bottom line is the n-th component, and they are all non-twisted or half-twisted. We remark that by (1) in Figure 15 , we do not have to consider over or under information of crossing between two C Figure 19 . A disk-sliding move. Proof of Theorem 2.1. We prove the handlebody-knot case. This case immediately induces the handlebody-link case. For two bouquet graph presentations Γ and Γ of a handlebody-knot K, the dual meridian-disk systems D and D are both complete. From Lemma A.3, there is a finite sequence of disk-sliding moves between the two meridian-disk systems. The dual of a disk-sliding move is an edge-sliding move of a bouquet graph (Figure 20) . Taking the → Figure 20 . A dual of a disk-sliding move.
dual of the sequence of disk-sliding moves, we have a sequence of edge-sliding moves from Γ to Γ .
